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Abstract 

, We study the Klein-Gordon equation coupled with an interaction term (\3+m 2 )4>+ 

\ip p . For the linear Klein-Gordon equation, a kind of generalized Noether's theore 
gives us a conserved quantity. The purpose of this paper is to find an analogue of this 
conserved quantity in the interacting case. We see that we can do this perturbatively, 
and we define explicitcly a conserved quantity using a perturbative expansion based 
on Planar Binary Tree and a kind of Feynman rule. Only the case p = 2 is treated 
, but our approach can be generalized to any ^-theory. 
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Introduction 

In this paper, we study the Klein-Gordon equation coupled with a second order interaction 



> 

o. 

, term 

O (0 + m' 2 )tp + \ip 2 = (E x ) 

o ; 

where <p : R n+1 — > R is a scalar field and □ denote the operator — ^4=1 gr^) 2 " ^' ie 

constant m is a positive real number which is the mass and A is a real parameter, the 
"coupling constant". Anyway our approach can be generalized to (^ fc -theory for all k > 3. 

For any s 6 I we define the hypersurface S s C M n+1 by S s := {x = . . . , x n ) € 
M n+1 ; x° = s}. The first variable x° plays the role of time variable, and so we will denote 
it by t. Hence we interpret S s as a space-like surface by fixing the time to be equal to 
some constant s. 

^ ■ When A equals zero, ]E\l becomes the linear Klein-Gordon equation (□ + m 2 )(p = 0. 

Then it is well known (see e.g. [Q) that for any function tp which satisfies (□ + m 2 )i]j = 0, 
if ip is a solution of fl-EoJ for A = then for all (si, S2) € R 2 we have 

dip dip\ f [dtp dtp\ 

This last identity can be seen as expressing the coincidence on the set of solutions ip of 
(Eq) of two functionals 2^ Sl and X^ jS2 where for all function ip : R™ +1 — » R and all s€K, 
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the functional Z^ )S is denned by 

f f dip d<p\ 

So says exactly that on the set of solutions of the linear Klein-Gordon equation, the 
functional s does not depend on the time s. 

This could be interpreted as a consequence of a generalized version of Noether's theo- 
rem, using the fact that the functional 



is infinitesimally invariant under the symmetry ip — ► p + ex, where x 1S a solution of (Eq), 
up to a boundary term. 

This property is no longer true when A 7^ i.e. when equation ^E\\) is not linear. The 
purpose of this article is to obtain a result analogous to in the nonlinear (interacting) 
case. Another way to formulate the problem could be, if we only know the field <p and its 
time derivative on a surface S S1 , then how can we evaluate I^ tS2 where S2 7^ si? 

We will see that the computation of 2^, S2 can be done perturbatively when A is small 
and S2 is close to s\. This perturbative computation takes the form of a power series over 
Planar Binary Trees. Note that Planar Binary Trees appear in other works on analogous 
Partial Differential Equations studied by perturbation (see (2], [3] , [I] , [3], 0, 0) although 
the point of view differs with ours. 

Let us express our main result. Without loss of generality we can suppose that s± = 0. 
Then using Planar Binary Trees and starting from a function ip which satisfies (D+m 2 )^ = 
0, we explicitly construct a family of functionals (^K&))&£T(2) indexed by the set T(2) of 
Planar Binary Trees such that the following result holds 

Theorem 1 Letq £ N be such that q > n/2, T > be a Exed time and tp G C 2 ([0, T],H~ q ) 
be such that (□ + m 2 )ijj = in H~ q . 

i. For all ip in C 2 ([0, T],H q ) and s € [0, T] the power series in A 

£ (-\)M(*(b)d;®\\ b K(p,...,p)) os) 

6GT(2) 

has a non zero radius of convergence R. More precisely we have 



R > ( 4C q MT 



dp n \ - 1 

\<p{s)\\m + ||-7^(s)||if 8 



here M and C q are some constants. 



ii. Let p € £ be such that (□ + m 2 )p> + A<^ 2 = 0. If the condition 

8M|A|C 9 T||^|| £ (1 + \\\C q T\\p\\ £ ) < 1 
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is satisfied then the power series converges and we have for all s E [0, T] 



feGT(2) ^0 \ / 

The quantity ||y>||£ can be evaluated using the initials conditions of </?. More details will 
be available in a upcoming paper |Sj. This result can be generalized for — theory, k > 3, 
but instead of Planar Binary Trees we have to consider Planar /c-Trees. 

Beside the fact that the functional ^2 b A' b '^ r (6) d s provides us with a kind of general- 
ized Noether's theorem charge, it can also help us to estimate the local values of the fields 
tp and We just need to choose the test function ip such that ifi = on the surface 

So and ^ is an approximation of the Dirac mass at the point xq 6 T,q. One gets the 
So 

value of ^ at a point xq G So by exchanging ifi and ^ in the previous reasoning. 

Another motivation comes from the multisymplectic geometry. One of the purpose of 
this theory is to give a Hamiltonian formulation of the (classical) field theory similar to 
the symplectic formulation of the one dimensional Hamiltonian formalism (the Hamilton's 
formulation of Mechanics). If the time variable is replaced by several space-time vari- 
ables, the multisymplectic formalism is based on an analogue to the cotangent bundle, 
a manifold equipped with a multisymplectic form similar to the symplectic form which 
appears naturally in the one dimensional theory. Then starting from the Lagrangian den- 
sity which describes the dynamics of the field, one can construct a Hamiltonian function 
through a Legendre transform and obtain a geometric formulation of the problem. Note 
that this formalism differs from the standard Hamiltonian formulation of fields theory 
used by physicists (see e.g. (J), in particular the multisymplectic approach is covariant 
i.e. compatible with the principles of special and general Relativity. For an introduction 
to the multisymplectic geometry one can refer to and for more complete informations 
one can read the papers of F. Helein and J. Kouneiher jllj - 

The main motivation of the multisymplectic geometry is quantization, but it requires 
as preliminary to define the observable quantities, and the Poisson Bracket between these 
observables. A notion of observable have been defined by F. Helein and J. Kouneiher. In 
the problem which interests us in this paper these observable quantities are essentially the 
functionals In order to be able to compute the Poisson bracket between two such 

observables 2^ ljSl and 2^ 2jS2 , we must be able to transport 1^ ljSl into the surface X S2 . 
When A = 0, the identity gives us a way to do this manipulation, but when A / 
this is no longer the case. So F. Helein proposed an approach based on perturbation; the 
reader will find more details on this subject in his paper 

In the first section, we begin the perturbative expansion by dealing with the linear case 
and the first order correction. The second section introduces the Planar Binary Trees 
which allow us to define the corrections of higher order, and the statement of the main 
result is given. Finally the last section contains the proof of the theorem. 
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1 Perturbative Calculus: Beginning Expansion 



1.1 A simple case: A = 



Let us begin with the linear Klein-Gordon equation. Let T > and s G [0, T] be a fixed 
positive time (the negative case is similar) and ip : M n+1 — > R a regular function. If ip 
belongs to So i.e. be a solution of the linear Klein-Gordon equation, then 



dip , dip 



da 



dip , dip 



da 



D 



d 2 ip 

w 



ay 
dt 2 



ip-ip 



dx 



(1.1) 



where D denotes the set D := 



c 



i n+1 . Since p G So we have ^-^ 



So 

rri l p hence if one replaces ^£ in the right hand side of (jl.lj) and perform two integrations 
by parts, assuming that boundary terms vanish, one obtains 



m 2 )ip 



(1.2) 



Hence if we assume that ip satisfies the linear Klein-Gordon equation (□ + m 2 )ip = then 
it follows that for all ip in Sq and for all s G [0, T] 



dip 
~dt 



p-ip 



dip 
~dt 



da 



dip 
~dt 



ip-ip 



dip 

~dt 



da = 



(1.3) 



We want to know how these computations are modified for ip G S\ when A ^ 0. For 



ip G S\ we have 



d 2 v 



m 2 ip 



\ip 2 . Hence instead of (|1.3() one obtains 



dip 
~dt 



ip-ip 



dp 



da 



dip 

~dl 



ip-ip 



dp 
~dt 



da = \ 



ipip 



(1.4) 



D 



where ip is supposed to satisfy the equation (□ + m 2 )ip = 0. So the difference is no 
longer zero. However, one can remark that the difference seems 1 to be of order A. This is 
the basic observation which leads to the perturbative calculus. One can look for another 
functional which annihilates the term A J D p 2 ip. 



1.2 First order correction: position of the problem 

Let s be a non negative integer. In the previous section, it was shown that if one choose 
a function ip such that (□ + m 2 )ip = 0, then equality (|1.4|) occurs for all ip G S\. The 
purpose of this section is to search for a counter-term of order A which annihilates the 
right hand side of (|1.4|) . 

Let \I>( 2 ) be a smooth function : l n+1 x R n+1 — > R then for all p G 5a consider 
the quantity 

L^ m {i-,- i){k-l}j^ mvAai ^ (L5) 

do not forget that the situation is actually more complicated because since ip satisfies the equation 
jE\l , the field ip depends on A. 
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We need to clarify the notation A and B for some given operator A and B. When the 
arrow is right to left (resp. left to right) the operator is acting on the left (resp. right). 
If we assume that Vl/( 2 ) satisfies the boundary condition 



Va € {0, l} 1 



#l<%(2) 



then for all <p in S\ we have 



d d 



d 



0*i dt\ ) \ 0*2 0*2 



dt° 







(1.6) 



S xS s 



a 



d d' 



I 0*1 0*1 / I 0*2 0*2 



'DxS s dti 

here denotes the set D := [0, s] x R n . Assume further that we have 



<p® p 



Va = («i,a 2 ) G {0,2} x {0,1} ; 



0* c 







(1.7) 



DxSq 



then we can do the same operation for the second variable *2 and finally we get 



X 



$(2) 
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0*1 0*i ) \ 0*2 0*2 



o2 

Now since 99 belongs to S\ we have = Y2i §jr ~~ m l p — Xp 2 ! , hence one can replace 
the second derivatives with respect to time of ip and then perform integrations by parts 
in order to obtain : for all <p in S\ the quantity ()1.5|) is given by 

2 

dx l dx 2 J{{p{x i )P i + \p 2 {x i ))^ 2 \x 1 ,X2) (1.8) 



p® p 



L 



d 2 d 2 



2 



2 



DxD 



0*f 0*f / \0* 2 dti. 



a 2 ? 



DxD 



i=l 



where Pi denotes the operator P := □ + m 2 acting on the i-th variable. Here we assume 
that there are no boundary terms in the integrations by parts. 
Using (|1,8|) and (jl.4|) one obtains that for all ip in S\ we have 



Ax = A 



P 1 P 2 ^r(2) 



DxD 



p 2 ljj 



D 



+ \ 2 



where A\ denotes the quantity 











(2 S ) 2 
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Hence if we choose a function \I/( 2 ) such that 

P 1 P 2 ^ {2) (x 1 ,x 2 ) = -6{xi - x 2 )i/)(x 1 ) (1.10) 

where 5 is the Dirac operator then the first order term in the right hand side of ()1.9|) 
vanishes. But because of the hyperbolicity of the operator P, it seems difficult to control 
the regularity of such a function ty( 2 \ Hence we need to allow VlK 2 ) be in larger function 
space. 



1.3 Function space background 



Here we define the function spaces which allow us to express the correction terms. We fix 
some time T > 0. 

Let gGZ then we denote by H q (W n ) (or simply H q ) the Sobolev space 

H q (R n ) := {/ G L 2 (R n ) | (1 + |e| 2 ) 9/2 /(e) G L 2 (R n ) } 

Then it is well known (see e.g. |12| . |1M| . |14j ) that H q endowed with the norm := 
L n (l + |£| 2 ) 9 |/l (£)d£ is a Banach Space. Moreover one can see in every classical text 
book (see e.g. Jl]) the following result 

Proposition 1.1 If q > re/2 then H q is a Banach Algebra, i.e. there exists some constant 
C q >0 such that for all (f,g) G {H q ) 2 , fg G H q and 

\\fg\\m<C q \\f\\ m \\g\\ m 

Until now we fix some integer q G N such that q > n/2. 

Definition 1.1 Let k be a positive integer, k G N*. Then we denote by £ k * the space 
defined by 

£ k * :=C l {[0,T} k ,C k {H q )) 

where Ck(H q ) denotes the space of k-linear continuous forms over H q , we will denote £ l * 
by£*. 



Then £ together with the norm 

/ 



k* 



defined by 



\U\ 



k* 



max 

a£{0,l} k 



sup 

te[o,T] k 

(/x,-,/k)e(H«)* 

II/jIIh9<i 




J 



is a Banach Space, here (•, •) denotes the duality brackets. For all k G N*, we denote by 
(£*)® fc the space of elements U of £ k * such that there exists (f7i, . . . , U k ) G £* such that 
U = Ui ® • • • ® U k i.e. for all (/i, ...,/*)€ (i^ 9 ) fc and for all t = (t u ...,t k )e [0, T] fc 

(C/(t), {fx,..., f k )) = (17(h), fx)--- (U(t k ), f k ) 

Then using the fact that the space of compact supported smooth functions is dense in H q , 
one can easily prove the following property 
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Property 1.1 for all k in N*, {£ *)® k is a dense subspace of £ k *. 

We will denote by £ the space denned by £ := C 2 ([0, T], H q ). Then £ is a Banach space 
and we can see naturally £ * k as a subspace of C k {£) the space of fc-linear continuous form 
over £ ; VU G £ fc * and V<p = fa,. . . ,<p k ) e £ k 

(U,cp) := dtf- dt k (U(ti,...,t k ),fa(ti),...,ip k (t k ))) 



o 



Now let us generalize the expression (|1.5jl for the elements of £ . 

< — > 

Definition 1.2 Let U belong to £* and s G [0, T\, then we denote by U d s the continuous 
linear form over £ defined by Mip G £ 

Then using the property II. II one can easily prove the following property 

Property 1.2 Let k G N* and s G [0, T] then there exists an unique operator d s ® k : 
£*k — , £ k ( £ j such that for allU = U x ®- ■ -®U k G {£*) m and for all <p = fa, . . . ,<p k ) G £ k 

k 



For U G £* k we will denote d s ® k (U) by U d s m . 

1.4 Resolution of the first order correction 

Until now we fix some function ip G C 2 ([0, T], H~ q ) such that (□ + m 2 )tp = 0. In this 
section we will define a functional such that 

(^K, <p) + A d> 2 , fa ^)) - (^b , <p) (1.12) 

is of " order two respect with A" for all ip G £ solution of \Exl ■ 



Definition 1.3 Let A : £* — > £* 2 be the operator defined by Vt = {h,t 2 ) G [0,7f 
V(/i,/ 2 )G(^) 2 

(KU(t 1 ,t 2 ),(f ll f 2 )) ■= C dT{U(T),(G(t 1 )*f 1 (T))(G(t 2 )*f 2 (T))) 



JO 

where for all f G H q , t G [0, T] and for all r G [0, T], G(t) * f(r) denotes the element of 
H q such that Vfc G R n 

G(t)7f(r)(k) := 6(t - r f^ " rK) /(fc) (1.13) 

where # denote the Heavyside function 2 and where uj k '■= (m 2 + l/cp) 1 / 2 . 
2 0(t) = if i < and 1 otherwise. 
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Remark 1.1 One can see AU as a distribution AU G T>'((0, T) x R n ), and then one can 
show easily that we have the following formal expression for AU 

AU(xi,x 2 )= dyG ret (x 1 - y)G ret (x 2 - y)ip(y) (1.14) 
Jp+ 

where P + = {x G M n+1 |x° > 0} and where G re t(z) denotes the retarded Green function 
of the Klein-Gordon operator 

G ret (z) := I cTk^^-e^ 

(2vr) n J R n LO k 

here ~z denotes the spatial part of z G R n+1 i.e. z = (z°, z). 

One can verify that A is well defined and we have the following result 

Proposition 1.2 Let X be a real number and s G [0, T] a fixed time. Letip G C 2 ([0, T], H~ q ) 
be such that — Aip + m 2 tp = 0. If p G £ is a solution of the equation jE\\) then the 
following inequality holds 



if) + A ( (A^) d> 2 , (<p, p)) - (yffi, p) 



< ^ 2 l^r-hWl + l A l3 HI * ' HV'lloo.jff-* (1.15) 



m 



This last proposition ensures that ^I^ 2 ) := Aip annihilates the term (|1,4() of order one 

respect with A. 

Proof : ( proposition 11.2(1 

Let ip G C 2 ([0,T],H- q ) be such that - Atp + m 2 ip = and p G £ be a solution 
of equation JET}. Then since ip and p are C 2 the function / : t —* (tp dt ,(p) admits 



derivative respect with t and f'(t) = (^^jf(t),p(t)^ — (i>(t), §^(i)V But since tp and p 
satisfy — Aip + m 2 ip = and ^ - A</3 + m 2 p = —Xp 2 we have 

f{t) = (m, (A - m 2 )p(t)) - ^(i), ^(t)^ = A (m,<p\t)) 

Hence we finally get Vs G [0, T] 

(iffi, p) - (iffi, p) = f(s) - /(0) = A f (iP(r),p 2 (r)) dr (1.16) 



and we recover the identity (|1.4|) of pages |1] 

Now let us study the term of order one of the left hand side of (jl,15|) . Using the 
definition 11.31 of A one can show easily that it is given by the expression 

((Arp)d^® 2 ,(<p,<p)) = [ dr f dh I dk 2 M(s,T,k 1 )M(s,T,k 2 )^(T,k 1 + k 2 ) (1.17) 



$ 



where V(t,r) € [0, T] 2 and V/c G R n , the quantity M(t,r, k) is given by 



sin((t - r)uj k ) d(p(t) 



M(t, t, k) := cos((t - r)u k )(p(t)(k) ^ — ^1* (*) i 1 - 1 ^ 



The identity ()1.17j) can be seen as ( (A%1>) d s ® 2 , (<p, <p))= u(s) where u : [0, T] -» M is the 
continuous function given by 

u(t):= f dr I dfa [ dk 2 M{t,T,k 1 )M{s,T,k 2 )$(T,k 1 + k 2 ) 

JO il" JR n 

Then in view of the definition (|1.18f) of M(t, r, k) one can see that u admits derivative 
respect with t and since it(0) = we get u(s) = Jq u'(t)dt which leads to 



>/>)a> 2 ,(^)) = / dt dk 1 dk 2 ^t)(k 1 )M( s ,T,k 2 )m(k 1 + k 2 ) 

1 JO J(R n ) 2 



sin((t - r)u kl ) 



dt dr dk x dk 2 ^ ^^P^(i)(fci)M(s,r,fc 2 )V(r)(A:i +fc 2 ) (1.19) 

Jo J(R n ) 2 ^ki 

where P denotes the Klein-Gordon operator P := □ + w 2 - 

Then one can see the identity (|1.19|) as /(A^) 9 s ® 2 , (</?, (/?)^ = + -u;(s) where the 
functions w : [0, T] — *• M are defined by 



v(t)= / dti / dA:idA;2^(ii)(fci)M(t,r,A: 2 )^(ti)(A:i + k 2 ) 

Jo J(R") 2 

w (t) = - dh dr / dhdk 2 

Jo Jo J(R n ) 2 

sm{(tl ~ TM tMh)(h)M(t, t, h^ih + k 2 

u kl 

Then one can see that v and w admits derivative respect with t and that 



v'(t) = [ dMfc 2 <Ki)(fciMi)(W(*)(A;i + 

J(R") 2 



sin((t - ti)u k2 



dh / dfcidfca — - LJ ^ L ^ti)(ki)P ( p(t)(k 2 )tP(ti)(k 1 + k 2 ) 

J(R") 2 w fc 2 



and 



•j'{t) = / dh 

Jo Jo 



"min(ti ,t) r 

in' (I) - I <l/i / dr / d/.-|dA' 2 

J(R n ) 2 

sin((ti - r)u) kl ) sin((t - r)uj k2 ) 



w kl 



P^(*i)(fci)i'¥'(t)(fc2)^(r)(*! 1 +*2) 



sin((ti - t)u kl )~ 



+ dh dk ± dk 2 ^^ — '■^P<p(h)(k 1 )< P (t)(k 2 )il>(ti)(h + ki) 

Jt J(R") 2 w fci 
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Hence since v(0) = w(0) = and using the fact that P(f(t) = —Xip 2 (t) and in view of 
l)1.13JI we finally get 



(AV)<9^ 2 ,(^ 

/ dT<V>(r)V(r)) 
Jo 

+ 2A fdt [ a dT(l>(T),{G(t)*(<f(t))(T))<p(T)) 
Jo Jo 

+ A 2 fdt, f di 2 /V^t^G^M^OXt)) (G(t 2 )*fa 2 (t 2 ))(r))> 
io io JO 

Hence 1)1.16(1 and the last identity lead to 

[M, <p) ~ A ( (A» d> 2 , fa, p)) " (^S?, ¥>) = 

2>r / di rdr^(r),(G(t)*fa 2 (t))(r))^(r)> 



o 



AM dh dt 2 dr^Xr),^!)*^ 2 ^))^))^)*^ 2 ^))^))) 
'0 Jo Jo 

(1.20) 



Now to complete the proof it suffices to estimate the right hand side of 1)1.20(1 . Using 
the definition 1)1. 13|) of G(t) * f one can easily prove the following lemma 

Lemma 1.4.1 If f be in H q then for all (t,r) G [0,T] 2 we have (G(t) * /)(r) G H q and 

\KG(t)*f)(T)\\ S9 <±0(t-T)\\f\\ H ,. 



Hence using the lemma H .4. II and the property II. II one get 



S dt rdr<V(r),(G(t)*fa 2 (t))(r)) <p(r)) 
o Jo 



< 



« 2 r 2 

2m 1 



,H~i W\\£ 



and 



dt x dh dr{i,(T),{G{t 1 )*( V 2 (t 1 ))(r)){G{t 2 )H V 2 (t 2 ))(r))] 
o Jo Jo 

3m 2 



< 



,h-i w\\e 



Then inserting these two inequality in ()1.20)) we finally get the result 1(1.15(1 . I 

Hence we found a counter-term which annihilates the term 1)1.4(1 of order one respect 
with A. But some extra new terms of high order have been introduced. Thus we need 
to find a functional A 2 ^ 3 ) in order to delete the terms of order A 2 , and then an other 
functional X 3 ^^ for those of order three etc. In order to picture all these extra terms, it 
will be suitable to introduce the following object: the Planar Binary Tree. 
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2 Planar Binary Tree 



A Planar Binary Tree (PBT) is a connected oriented tree such that each vertex has either 
or two sons. The vertices without sons are called the leaves and those with two sons 
are the internal vertices. For each Planar Binary Tree, There are an unique vertex which 
is the son of no other vertex, this vertex will be called the root. Since a Planar Binary 
Tree is oriented, one can define an order on the leaves. Until now we choose to arrange 
the leaves from left to right. 

We will denote by T(2) the set of Planar Binary Tree. Let denote by \b\ the number of 
internal vertices of a Planar Binary Tree b and ||6|| the leave's number of b. Then one can 
easily show that we have = \b\ + 1. Let denote by e the unique Planar Binary Tree 
with no internal vertex. 

If b\ and b 2 are two Planar Binary Trees, then we denote by B + (b\, 62) the Planar 
Binary Tree obtained by connecting a new root to b\ on the left and to 62 on the right. 



Y 



Then one can easily show that \B + (bi, 62)! = 1 61 1 + 1 62 1 + 1 and ||-B+(6i, 62) || = \\bi || + \\b2W, 
and for all b G ^(2), b ^ e, there is an unique couple (61,62) G T(2) 2 such that b = 
B + (b±, 62)- For further details on the Planar Binary Trees, one can consult [T2|, |TJ!|, QZ| 
or [HI. 

Definition 2.1 We define inductively the family (A(6))^ e y( 2 ) of functionals A(b) : £* — > 
g*\\b\\ by _ 

A ( £ ) :=id _ _ _ _ (o-i) 

V(6i, b 2 ) € T(2) 2 ; A(B+(6i, 6 2 )) := (A(6i) ® A(6 2 )) A 1 ' > 

where for U : £* -> £* k andV:£*^£* l ,U®V denotes the unique functional from £ 
to £< k+l ^ such that for all U = Ui®U 2 e (£*)® 2 , U <g> V(U) = U{U{) ® V(U 2 ). 

Let ip belong to £*, then we consider the family (^(b))^?^) defined by 

#(&) := A(6)(^) G £* m 

Then using remark Tl. II we can see that formally the functionals ^(6), b G T(2), can be 
constructed using the following rules : 

1. attach to each leaf of b the space-time variable x%, x 2 , ■ ■ ■ , xpu with respect to the 
order of the leaves. 

2. for each internal vertex attach a space-time integration variable yi G and 
integrate this variable over P + . 

3. for each line between the vertices v and w where the depth of v is lower than the w's, 
put a factor G re t(a v — a w ) where a v (resp. a w ) is the space-time variable associated 
with v (resp. w). 
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4. finally multiply by ip(a r ) where a r is the space-time variable attached to the root of 
the Planar Binary Tree b. 

To fix the ideas, let us treat an example. Let b G T3 be the Planar Binary Tree described 
by the following graph 




Then using definition 12 . 1 1 we have ^(b) = (id® A) o Aip and formally for x = (xj, X2, £3) G 
([0,T] x M n ) 3 , is given by the following 



*(6)(x) 



dyidy 2 G' ret (xi - y-2)G re t{y\ - y2)G ret (x 2 - yi)G ret (x 3 - 2/1)^(2/2) 



Theorem 2.1 i. Let ip G C 2 ([0, T],i2"~ 9 ) be such that (□ + m 2 )ip = in Let p 

be in £ and s G [0, T\, then the power series in A 



£ (-A)i 6 i(*(6)a s ®ii 6 ",(^... )¥3 ) 

£>GT(2) 



(*) 



has a non zero radius of convergence R. More precisely we have 

-1 



R > ( 4C q MT 



\\<p(s)\\m + \\^(s)\\m 



here M is defined by M := max(— , 1) and C q is the constant of the propertv lLlI 
ii. Let <p G £ be such that (□ + m 2 )ip + \ip 2 = 0. If the condition 

8M\X\C q T\\ip\\ £ (1 + \X\C q T\\cp\\ £ ) < 1 (2.2) 
is satished then the power series converges and we have for all s G [0, T] 



b£T(2) 



Remark : Note that it is possible to control the norm \\<p\\s with the norm of initials data. 
More preciselly for all any G (# 9 ) 2 , A G R and T G E such that T|A|||(</>°, cp l )\\ 

is small enough, it is possible to construct a solution ip G C 2 ([0, T], H q ) of QEaD such that 
<p(0,-) = an d ^f(Oj') = y 1 - Then one can control ||y||£ using ||(v?°> V? 1 )!!- A proof of 
this result, based on a remark of Christian Brouder (0) will be expand in [S]. 
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Let us comment this last proposition. First of all, using definition (|1.2j) of d s , one can 
remark that the power series depends only on ip(s, •) and ^(s, •). Hence the theorem 
answers the original question. 

We have written the solution for s non negative, but the study can be done in the same 
way for negative s. Finally the result exposed in the proposition 12.11 can be generalized 
to (p p -theory i.e. for the equation (□ + m 2 )ip + \ip p = 0, p > 2. But the set of Planar 
Binary Trees must be replaced by T(p), the set of Planar p-Trees i.e. oriented rooted 
trees which vertices have or p sons, then the definition of (^ , (^))feeT(p) remains the same 

i.e. fy(b) := A^\b)^ where A^ (6) is an adaptation of definition 12. II for p-trees. Then an 
analogue of theorem 12. II holds but the condition (|2.2|) must be adapted. 

3 Proof of the main proposition 

3.1 Radius of convergence 

Let us deal with the first part of theorem 12.11 First we will prove the following lemma 
Lemma 3.1.1 Let ip belong to £* and b G T(2), then we have 

IIA(b)V||*|| 6 || < (C q MTf UU (3.1) 
where M and C q are the constants which appear in theorem 
Proof : nemma l3.1.1[l 

We will show ()3.1|) inductively with respect to \b\ the number of internal vertices of b. 

If b = e then inequality (|3.1j) is satisfied. Let N G N, suppose that (|3.1j) is true for all 
b G T(2) such that \b\ < N and let b G T(2) be such that \b\ = N + 1 > 1. Then b writes 
b = B + (bx,b 2 ) and by definition we have = A(b)i/j = (A(&i) ® A(b 2 )) oAip. Since 
(£*) m is dense in £* 2 there is a sequence U n = u}p ® U^ 2) G (£*)® 2 , n G N, such that 
[/„ -> A0 in £* 2 . Then one can show easily that 

mh)®X(b 2 ))u n \\ <m < h tom = IPthWP Hum PCW^H 

but since |-B_|_(&i, 62)! = |&i| + I&2I + 1 we have |&i| < and \b 2 \ < A'', hence (|3.1j) is valid 
for 61 and 62 we finally get 

IIA^)®^))^!!^!!^^,^)!!)^^^) 161 '^ 621 Il^lkll^lk 

= {C q MT)\ b ^\\\U^ ®U^U 

Then taking the limit n — > 00 in the previous inequality leads to 

\\K(B + (h, fe 2 ))^|U(|| B+ (6 1) 6 2 )||) < (C,MT)l fel l + l fe2 l ||A^|| 2 . (3.2) 

Let fi and / 2 belong to iif 9 then by definition we have for all (t\,t 2 ) G [0,T] 2 and 
a = (ai,a 2 ) G {0, l} 2 

^^^(t 1 ,t2),(/i,/ 2 )^=^ T dr^(r),(G^(t 1 )/ 1 (T))(G^(t 2 )/ 2 (r))) (3.3) 
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where G°(t)f(r) := G(i)/(r) has been defined in the section 11.41 page and where 
G 1 (t)/(r) G P<? is the function such that V~fc G R n 

G ,1 (iT)7(T)("fc ) := 0(tx - r) cos((t 1 - r)a^)/(fc) 

Then one can easily show that WG 1 (t) f (t)\\ H9 < ±6(t - r)\\f\\ H i and HG^/OOIIff' < 
0(i — Hence inserting these results in (jH.Hj) and using property II. II we get 

||A^|| 2 * < MC q TU\l± 

So in view of (|3.2|) we see that the estimation ()3.1j) is valid for b = B+(bi, 62). I 

Let ip belong to £ then lemma 13 . 1 . 1 1 shows that for all s G [0,T] and for all 6 G T(2) 
we have 

then using the fact (see e.g. |16j ^ that the number j»jv of Planar Binary Tree b such that 
\b\ = N satisfies pn < 4^ we finally get the first part of theorem 12.11 i.e. the power series 
in A defined by ^2 beT ( 2 )(~ d a ,(</?,... , 99)^) has a non-zero radius of convergence 
R and 

R > ^AC q MT 

3.2 Algebraic calculations 

Let us fix some time s in [0,T], then we define the operator P : £* — ► T' where J- C E 
denotes the space T := C 2 ([0, T], Hi) nC°([0, T], P 9+2 ) by for all U E £* and for all 9? G ^ 

(PC/, := - ([/fib , V>)+ Jdr (U(t), (□ + m 2 )^(r)> (3.4) 

here D+m 2 denotes the operator T ^ £ defined by □ = J^j— A. Let be an integer G N 2 
then for all Id [1, fe] we denote by Pf the unique continuous operator Pf : £ k * — > Ck{T) 
such that for all U = U x ® • • • U k G (£*)® fc and for all </? = (<p u . . . , <p k ) G .P fc 




Let </3 G £ be a solution of jE\l i-e. such that (□ + m 2 )ip = —\tp 2 . Then in view 

property 11.11 ip belongs to T . Let b be a Planar Binary Tree such that b 7^ e and denote 

by the leave's number of b, k := llbll. Then in view of definition 12.11 one can easily see 

< — > 

that for all J C we have ^(6)3q = hence the definition (|3.4j) of P leads to 

(*(&)£«*(¥>,...,¥>))= E A & -I 7 I(P^(6),(^,...,^)) (3.5) 

Jc[i,fc] 



< (C 9 MT)l fc l ||^||*i 



11*0011 



i?9 



1 at 



1 1 «ii 



HvWII^ + II^WIIa* 



> 
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where aj = 2 if j / and aj = 1 otherwise; here we use the fact that ip satisfies 
— (□ + m 2 )(p = \ip 2 . Moreover the proof of proposition 11.21 shows that if one choose 
ip G C 2 ([0, T],H~ q ) such that (□ + m 2 )ip = then we have 

(j> X, <p) ~ (^b , <p) = -A (V, ^} = -A j* (iP(t), v 2 (t)) dr (3.6) 
i.e. Pip = 0. For N^N* let denote by A^r the finite sum 



A N := Y, (-X) lbl h(b)K mH ,(^---^))-UK^ 



b£T(2) 
\b\<N 

Then and (pS3> lead to 

2JV-1 



A ^=E A/3_1 E E E (-i) |6| (^*(&),(^,---,^)) (3.7) 



/3=1 l<k<Nb£T(2) Jc|[l,fc] 

0<l<k \\b\\=k \I\=k-l 
k+l=/3 

Let (3 G N* be such that j3 < N then A^ the term of order (5 with respect to A in 1)3. 7|) 
writes 



+ E E E (-l) H (^(a),(^,---,^)) (3-8) 



ber(2) 
l|b||=/3 



l<«<fc</3aeT(2) ic[l,fc] 
fc+(=/3 ||a||=fc \I\=k-l 

Let us focus on the first sum of this last identity. We need some extra structure on the 
set of Planar Binary Tree. Two special Planar Binary Trees play an important role : the 
Planar Binary Tree e with one leaf, and Y the one with two leaves 

e = o an d Y - 

We also define the growing operation. Let b be a Planar Binary Tree with k leaves and 
E = (Ei, . . . , Ek) be a fc-uplet in {e,Y} k . We call the growing of E on b and denote 
by E oc b the Planar Binary Tree obtained by replacing the i-th leaf of b by E{. As an 
example 



) *\r = (o.o.v ) 





For E G {e, Y} k we denote by ny(E) the occurrence number of Y in E i.e. ny(E) :- 
Card{z|I?j = Y}. Then we have the combinatorial lemma 
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Lemma 3.2.1 1. Let b be a Planar Binary Tree with (3 leaves, j3 > 2. Then we Lave 

- E E (-i) |a| = 

l<l<k</3 aeT k 
k+l=/3 Ed{e,Y} k \n Y {E)=l 
such that Eoca=b 



2. Let p £ N*, a € T(2) be such that ||a|| = p and £ G {e,^} p then we have HE 1 oc 
a\\ = p + ny(E) and 

(P^rU^E oc a), (?,...,„)) = (Pf^i*), , ■ ■ ■ , ^" ) 

where Ie '■= {j £ such that i?j = e} and aj B = 2 if j and 1 otherwise. 

We postpone the proof until appendix. Then the point [T1 lemma 15 . 2 . 1 1 leads to 

E (-l) |6| (i&q*(*),(¥V ••>¥>)) 

bGT(2) 
I|6||=y9 

= - E E (-^^(P^j^oca),^...^)) (3.9) 

l<l<k</3 aeT k 
k+l=/3 E&{e,Y} k \n Y (E)=l 

But since E {e, Y} p is entirely determined by p and the point |2]of lemma 13.2. II and 
identity (|3.9j) lead to 

b£T(2) 
\\b\\=P 

= - E EE (-i) |a| (^(a),(^,---,^-)) 

l<Kfc</3aGT(2) JcfL.fcJ 
fc+Z=/3 ||a||=fc |Z|=fc-J 

then inserting this last identity in (j.3,8j) we finally get that for all j3 < N, A^ = 0. 

Hence we have shown that An = Yl^i 1 A^ _1 A^ is of order N with respect to A. To 
complete the proof it suffices to show that Ajv converges to when N tends to infinity. 

3.3 analytic study 

We have shown that all the terms of order (3 with (3 < N in identity (j.3.7j) vanish, hence 
we have 

2JV-1 

A ^ = E x ^ E E E (-i) |6| (^*(6),(^....,^)) (3.io) 

{3=N+1 l<l<k<Nb€T{2) ICUM 

k+l=P \\b\\=k \I\=k-l 

We have to estimate the right hand side of this last identity. Let us prove the following 
lemma 
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Lemma 3.3.1 Let k G N*, k > 2 and b G T(2) be such that ||6|| 
/ C [1, fe], € £ solution of \E\\) and ip G £* we have 



k, then for all 



< 



(C q T) k -W 



|| ¥ ,||^i / i(^Mr) fe - 1 (2 + |A|c 9 r|| 9 ,|| £ )i 7 i||^|b (3.ii) 



J q± ) \XYWE W"" 1 ) \ ' \ /x \^Q 

Proof : (lemma r3.3.1|) 

Let P denote the operator P : £* — > T 1 defined by for all U G £* and for all <p G T 



(PU,<p 



(Ud s ,ip 



dr<[/(T),(D + m 2 )^(r)) 



(3.12) 



and for k G N* and I C [1, fc] we denote by the unique continuous operator P k : £ k * 
C k {T) such that for all U = U x ® • • • U k G (£*)® fc and for all 99 = (991, ... , (/? fc ) G 

IT'. It \ ~.It \\ A 



P?U, f)=]J (PUi, n f {Ujirj), wir-)) dr 3 - 
iei j?i Jo 



Then since V6 G T(2), b ^ e and Vq G {0, l}" 6 " the operator satisfies ^§^(t) = 

for all t G uJ2j -1 [0, Tp x {0} x [0, T}^- 1 ^ we have p} |6|l #(6) = p] |6|l #(&) for all 6 G T(2), 



6 7^ e and for all I C [1, 

Let tp G £ be a solution of fl-EpJ and U (z £* then (D+m 2 )^ = — A(/? 2 and using property 
11.11 and definition (|3.12|) we get 



PU,tp 



<\\U\\*i (\\<f(s)\\m + W^WWm ) + C q \X\T\\U\U\\tpf e 
<(2 + CJA|T||^)||^||C/||, 1 



(3.13) 



Let b G T(2), \\b\\ =:k>2, then consider a sequence U n = (U^ ® • ■ • ® G (£*)® fe 
such that J7„ — > ^(6) in £* k . Let </? G £ be a solution of \E\\ and J C [1, A;] then using 
()3.13j) and Dropertv ll.il we get 



PiU n ,<p 



/I li -l||/|^/nr ^-IJIll^liafc-I^IHJ I 



<(2 + c 9 |A|r|| v? ||,)' J '||^||^(rc (? r^||^|i^ 

then taking the limit n — > 00 in the last inequality we get 

'Ph(b),<p) <(2 + C q \X\T\\p\\ £ f\\\p\\^(TC q ) k -\ I 



*k 



llvll?" m ll*(6)ll 



*k 



hence lemma 13.1.11 completes the proof of lemma 13.3.11 ■ 

Then using ()3.1(J|) . lemma 15. 3. II and the fact that the number p k of Planar Binary Tree 
b such that |6| = k satisfies p k < 4 fc we get 



|Ajv| < 



2JV-1 

«• E 

P=N+1 



1/5- 



1 E 



^k— l^jk— I 



l {C q T)\C q MT) k - 1 {2 + \X\C q TM\ t 



\<l<k<N 
k+l=/3 



(3.14) 
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Let A denotes the quantity A := |A|C g T||<^||£ then using this notation (|3.14|) writes 
\A N \ < Me* M £ Y, C h k - l {±MA) h - l A l (2 + A) k ~ l 

\<l<k<N 
N+l<k+l<2N-l 

But for all (k, I) G (N*) 2 such that l<l<k<NandN+l<k + l<2N-lwe have 
k > [N/2], so we have 

N 

\A N \ < IWMMk E mA) k - 1 (2 + 2A) k - 1 

k=[N/2] 

But since (|2.'2() is satisfied we get 8Mj4(1 + A) < 1 hence the last inequality shows that 
Ajv tends to when iV tends to infinity which completes the proof of theorem 12.11 

A Appendix: Planar Binary Trees 

Here we will prove the lemma 15. 2, II Let begin with the first part of the lemma which is 
equivalent to 

Lemma A.0.2 Let b belong to T(2), \\b\\ = (3 (/3>2), then we have 

E E (-i) |a| = o (a.i) 

0<l<k</3 aeT(2),\\a\\=k 
k+l=f3 EG{e,Y} k \n Y (E)=l 
such that Erxa=b 

Proof : Let b G T{2) be such that ||fe|| = (3 (/? > 2). Then let us denote by L the integer 
defined by 

L := max{i £ N such that 

3a G T(2), ||a|| = (3 - i, 3E G {e, Y}^ such that ny(^) = i and E 1 oc a = 6} 

Then since (3 > 2 we have L > 1. Define if by K := /? - L and let A G T(2), ||A|| = K 
and -E G {e, Y} K such that E <x A = b (and then necessarily ny{E) = L). Note that ^4 
is actually unique: it is obtained by removing all pairs of b which are sons of the same 
vertex. Let denote by I the set of indices 1 < i < K such that Ei = Y. Then for all 
J C I we will denote by E J the if-uplet E J := (E{, ...,E j k ) where for all j in [1, if]], Ej 
defined by 

E j = \y ifjeJ 
J \e ifjGll,if]\J 

Vj G J, £/ = F and Vi G [1, Kj\J E{ = e. 

Let k, I be some integers such that 1 < I < A; < (3 and k + I = (3. Then for all a G 2\ 
such that there exists E a G {e, Y} k which satisfies b = E oc a, there is an unique subset 
J C I such that a = E J oc ^4 and then we have k > I J\ = I > 1. In the other hand for 



18 



all J C I such that \ J\ > 1 there exists an unique E G {e, Y} K+ \ J \, ny(E) > 1 such that 
E oc (E J ex A) = b. Hence we have 

- E E (-i) |a| = o- E (-i) |i?J<xA| 

0<«<fc</3 aeT(2),||a||=fc JcJ 
fc+Z=/3 Se { £) y}fc| ny ( £ ;) = ; |J|<£ 

such that Ecca=b 

but cc A\ = K + \ J\ — lso the previous equality leads to 

- E E c-i)W = -x:ct(-i)*+ i - i = (-i)*(i-i) £ = o 

0<l<k<P aeT(2),\\a\\=k 1=0 
k+l=(3 Ed{e,Y} k \n Y {E)=l 
such that Eoaa=b 

which completes the proof. ■ 

Let focus on the second part of lemma 13.2.11 

Lemma A. 0.3 Let p G N*, a G T(2) he such that \\a\\ = p and E G {e, Y} p then we have 
\\E oc a|| = p + ny(E) and 

(CIV £ a a) ' • • • ' ^) = ^ E • ■ ■ ■ > ^ ) ^ 

where Ie '■= {j G such that E-j = e} and a- E = 2 if j g" Ig and 1 otherwise. 

Proof : Let ieN* and U belong to £* fc , then for all K C [1, fcj, for all t vE " G [0, T] k ~\ K \ 
and for all f vK G (iJ<7)*H^I we consider the element U vK (t vK , f vK ) of £ defined by 

Vr G [0,T]l^l and V 5 G (H*)W, (U vK (t vK , f vK )(r), g) := (u(t)j\ where t and / are 

defined by 

* and ^ - MO * (A.3) 
*r : = T k(r) itreK { fr-= 9k{r) if r € K 

here v(r) := card{/c < r such that k k} and /c(r) := card{/c < r such that A; G K}. 

First we will treat the case ny(E) = 1 then we will see how to generalize the result. 
For j G [l,jfe] we define E^^ = (E[ j,k \ . . .,E { k j ' k) ) G {e,Y} k by E ( r j ' k) = e if r ^ j and 
^O'.fe) = y Let t G [o ) T] fc - 1 and G then we consider the element 

^(a) v ^>(t,/) of £"*. In view of the definition of *(6) = A(6)^ we have ^(E^ oc a) = 
A [\P(a) v { J }(i, /)] G £* 2 . Then the calculations done in the proof of pr op osition 1 1 . 21 shows 
that for all ip G £ solution of $E\l we have 

(pf m A[*(ay^(t,f)] ,fa<pj) = jf r ($(a) v i(t,/)(T)y(r))dT (A.4) 

Hence using the definition ([Oil of *(a) v ^(t, /) we find that the lemma is true if E = 
EtiM i.e. when ny(E) = 1. 
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Let M G N* and E £ {e, Y} k be such that n Y {E) = M. Then we define J E C [1, fc] as 
the set of indices j € [1, kj such that £7j = Y, then since ny(E) = M we have | Je| = M. 
We denote Je := . . . where jm < JM-X < ■ • • < ii- Then one can show easily 
that we have 

b ■= E oc a = #(iM,*+M-i) K ( . E (j M _ 1)fc+ M-2) (X (. . . K ^(ji,*) oc )) . . . ) 

Hence if we denote by at the Planar Binary Tree a± := E^ M - 1,k+M ~ 2 ' > oc (• • • oc [E^ 1,k ^ oc 
a)) • • • ) we have b = E oc a = £(jAT,k+Af-l) ^ 0l _ xhen for all 

t&'"> = (ti, . . . , t iM+ i, . . • , i fe+ M-l) G [0, if + M ~ 2 

= (/l, • • • , /i M -l, f jM+ l, fk+M-l) € (H*) k + M - 2 



we can use (|A.4|) and the fact that 

A ^(ai) VjM (t^ M \ f^ M ^) = ^{b) y ^ M ^ M+l ^ (t^ M ^ , f^ M ^) 
in order to obtain 

Pl 2 1)2] *(b) V{iM ' iM+1} (i {iM} , f {jM} ), (<p, V) 

rT 

(*(oi)(t), (/i, . . . , fj M -l,<p 2 (tj M ), f jM+ i, fk+M-l)) dt 







JAI 



where t denotes the (k + M — l)-uplet t := (ti, . . . , tj M —i,tj M ,tj M +i, . . . , tk+M-i)- Then 
writing a\ = E^ M ~ 1 ' k+M ~ 2 ^ oc a 2 one can use the same arguments to show that 

/p [ 4 1)41 ^(6) v OM^+ijM-i+i,jM-i+2}^0 Af jM-i}^{iM^-i}) j fa ^ ^ = 

dt jM dt jM-i (^( a 2)(t), (fx, . . . , <p 2 (tj u ),fj M+ l, fj M _ x -l, y 2 (*j M -l)' • • • > fk+M-l)) 



'[0,21 

Hence Doing this operation successively for jm-2> ■ ■ ■ ,ji we finally get 

(P^j*^) VK (i v V v *),fev.. ,¥>)) = jj oTM dt jM ---dt jl (V(a)(t),(9i,--- ,h)) 

(A.5) 

where -ftT := IJr=i{-? r + — r , jr + — r + 1} and where g r := tp 2 (t r ) if r £ Je and 
5r := /y(r) otherwise. Hence, considering the element l^P^ K ^> (b) y K (■ , •), (<p,... ,<f)) of 
g*(k+M-2M) and uging we fi na iiy ge t 



where g r := (p 2 if r G Je and h r := ip otherwise i.e. we obtain exactly identity (|A.2[) . 
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